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Three-Dimensional Contact Dynamic Model of the Human
Knee Joint During Walking

Joung Hwan Mun", Dae-Weon Lee
Department of Bio- Mechatronic Engineering, College of Life Science & Technology,

Sungkyunkwan University, 300 Chunchun, Jangan; Suwon, Kyunggi, 440-746, Korea

It is well known that the geometry of the articular surface has a major role in determining the
position of articular contact and the lines of action for the contact forces. The contact force
calculation of the knee joint under the effect of sliding and rolling is one of the most challenging
issues in this field. We present a 3-D human knee joint model including sliding and rolling
motions and major ligaments to calculate the lateral and medial condyle contact forces from the
recovered total internal reaction force using inverse dynamic contact modeling and the Least
-Square method. As results, it is believed that the patella, muscles and tendon affect a lot for the
internal reaction forces at the initial heel contact stage. With increasing flexion angles during
gait, the decreasing contact area is progressively shifted to the posterior direction on the tibia
plateau. In addition, the medial side contact force is larger than the lateral side contact force in
the knee joint during normal human walking. The total internal forces of the knee joint are
reasonabe compared to previous studies.
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1. Introduction

The human knee joint is the intermediate joint
of the lower limb thatis the largest and most
complex joint in the body. Understanding of
joint-articulating surface motion is essential for
assessment of joint wear, stability, mobility, de
generation, determination of proper diagnosis
and surgical treatment of joint disease. The arti
cular geometry of the tibiofemoral condyle and
the surrounding capsule ligamentous constraints
lead the articular surface motion of the knee
joint during motion. The functionality of the
knee joint cannot be accurately modeled without
considering the effects of sliding and rolling
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motions. The kinematics of the joint cannot be
modeled as a point contact, a hinge joint as one
degrees-of-freedom (OaF), universal joint (two
OaF) or spherical joint (three OaF) but has to
take into consideration both sliding and rolling
motions. Indeed, many studies have addressed this
joint using a single point-of-contact with two or
three degrees-of-freedom (Kadaba et al., 1990;
Bobbert et al., 1991; Bronzion, 1995; Allard et
aI., 1995; Reinschmidt et aI., 1997; Attfield et
aI., 1998; Zwick et al., 2002) or by using two
spherically shaped balls with fixed radii (Wilson
and O'Connor, 1997 ; Abdel-Rahman and Hefzy,
1998). These models are faced with difficulties
because of the computational complexity and
equation formulation resulting from the complex
geometry of the articular joint in the knee. The
redundancy of muscles and ligaments led to fur
ther complications.

The contact force calculation for the knee joint
considering the effect of sliding and rolling is one
of the most challenging issues in this field. In
order to calculate contact forces in the knee joint
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in three-dimensional analysis (3D), two different
approaches have been attempted: (1) is based on
the depth of penetration (Eberhardt et a1., 1990;
1991 ; Ateshian et a1., 1994) of the joint and (2)
is based on a Quasi-static equilibrium (Wilson
and O'connor, 1997; Abdel-Rahman and Hefzy,
1998; Mun and Takeuchi, 2002). Although these
two methods are conceptually identical, inverse
dynamics due to human motion are different
because of the input errors mainly due to skin
movement in gait. The lateral and medial side
knee joint distance change of the contact point
between femoral condyles and tibia surface during
one gait cycle is about 6 mm. and 19 mm., respec
tively (Mun, 2001). Since the Elastic modulus
(E) for the cortical bone is 6900 MNm-2 (Brown
et al., 1984), penetration/separation-based meth
od is inadequate for gait analysis.

Wilson and O'connor (1997) reported a three
dimensional geometric model of the knee joint
in gait analysis to predict the kinematics of the
knee from the geometry of its anatomical struc
tures. They addressed two important problems
related to the knee joint biomechanics such as the
determination of the changing axis of rotation,
and prediction of the lines of force through the
major ligaments and femoral articulated surface.
However, the geometric model they used was
composed of rigid spherical surfaces that include
much error in prediction the position and lines
of action of the contact forces. Furthermore, kine
matic locking occurred for joint angles greater
than 60 degree due to the geometric simplifica
tion.

More recently, Abdel-Rahman and Hefzy
(1998) presented a 3D human knee joint model
undergoing impact loading. The model was com
posed of two-body segments, the femur and tibia,
in contact, with the joint ligaments represented
as nonlinear elastic springs. Major limitations of
the model is that first, the external force applied
on the tibia is a sinusoidal impacting load that is
not applicable for general 3D human locomotion.
Thus, the computational model they developed
cannot be applicable for understanding more
standard activities where dynamic axial compres
sive forces act on the joint such as gait. Second,

the medial and lateral articular surfaces were
approximated as parts of spheres. However, since
the geometry of the articular surface plays a major
role in the kinematic and kinetic analysis of the
dynamic knee joint model, more detailed geome
try should be considered.

The objects of this study are: (I) to demon
strate a new knee joint model considering sliding,
spinning and rolling motion and major ligaments
to recover the total internal reaction forces at the
human knee joint during gait using inverse dy
namic and contact modeling and, (2) to calculate
the lateral and medial condyle contact forces from
the recovered total internal reaction force using
the Least-square method.

2. Methods

In this study, the articular geometry was more
accurately represented using two cam profiles
obtained from the extrusion of the sagittal plain
view of a representative Computerized Tomo
graphy (CT) image of the knee (Mun and
Takeuch, 2002) as shown in Fig. 1. Also, the
experimental data set, error mainly due to the skin
movement during gait was reduced in the reason
able range of error employing the previously
reported statistical data reduction method (Mun,
2001), was adopted for the force recovery of the
invariable knee joint.

2.1 Kinematics of the knee joint contact
model

We introduce a model of the human knee joint
that can account for four possible contacts (one
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Fig. 1 The coordinate system of the digitized lateral
and medical condyle contact points
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Pu=rl+Alspu

P12=rl+Alsp12

rr is the vector from the origin of the global
laboratory reference to the local origin of femur
segment and Al is the transformation matrix from
the local coordinate system of the femur to the
global coordinated system during the motion. The
constant local vectors SPll and SP12 are calculated
from the calibration stage data as

spu=Al.i(rl- Pu) (10)

sP12=Ali(rl-P12) (11)

where Ali is the inverse matrix of the trans
formation matrix A ls calculated at the calibra

tion data set.
Since the geometry of contact area do major

role to determine the lines of action of the forces,
internal reaction force and moment and the posi
tion and orientation of the axis of rotation of
the knee, the irregular shape of the outline of
contacting bodies such as femoral condyle must
be described numerically to get relatively accurate

where PI (Xl, Yl, Zl), P2 (X2, Y2, Z2) and P, (xs,
Ys, Zs) represent maker positions on femur and
P4(X4, Y4, Z4), Ps(xs, Ys, 2<;) and Ps(Xs, Ys, 4)

are the marker positions on tibia, and all the *
values are the kinematic values recovered from
cubic spline functions.

In Fig. 2, the vector position of the center of
two spheres Pn and P 12 can be expressed in terms
of the global Cartesian reference coordinate sys
tem as

(2)

(3)

Medial
condyle

Femur
y

Ii g

x

and two point contacts, separation, and pene
tration). Our model is a 6 DOF knee joint re
presented by two digitized cam profile spheres
considering sliding and rolling as shown in
Fig. 2 with major ligaments as illustrated in Figs.
6 and 7.

We briefly present the kinematic analysis need
ed to perform the force and torque recovery.
Detailed kinematic analysis is presented on the
previous report (Mun and Takeuchi, 2002). In
the computational model, since the possibility of
penetration and separation of the tibiofemoral
joint while in motion is allowed, the system of
constraint equation is assembled by only driving
constraints as

With a maximal set of Cartesian generalized co

ordinate, q ={ X\, Yl, Zl, X2, Y2, Z2, XS, Ys, Zs, X4, Y4,
Z4, XS, Ys, 2<;, xs, Ys, 2<;Y, the system of driving
constraint equations are

Fig. 2 The configuration of the knee Joint contact
model
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where i is the strain in the t'th elements, Ai
and B, are the stiffness coefficients of the ith

spring element for the nonlinear and linear

results. The real geometry of the femoral condyle

is that the radii of curvature increase regularly

posero-anteriorly, i.e. from 17 to 38 mm. for the

medial condyle and from 12 to 60 mm. for the

lateral condyle. The spiral does not have only one

center but a series of centers lying on a spiral.

Therefore the curve of the condyles represents

a spiral of a spiral (Kapandji, 1970). In order

to describe the lateral and medial condyle in

a closed-form expression, a cubic interpolation

spline function is used.

In the computational model, the spring ele
ments representing the ligamentous structures

were assumed to be line elements extending from

the femoral origin to the tibial insertion and to

carry load only when they are in tension, that

their length is larger than initial unstrained length

Lo. Ligaments exhibit two-piece force-elongation

relationship, nonlinear force-elongation in the

initial stage of ligament strain and then linear

force-elongation in later stages. Thus the magni

tude of the force in the ith ligamentous element is
expressed as ;

Fig. 3 Two cubic polynomials

regions, respectively, and Land Lai are its cur

rent and slack lengths, respectively. The linear

range threshold is specified as Cl =0.03. Values

of the stiffness coefficients of the spring element

employed in the model are given in Table 1.

Detailed local coordinates and material proper

ties of the ligament structures of the present model

are estimated according to the previous published

literature (Abdel-Rahman & Hefzy, 1998). The

employed ligaments at the knee joint are shown in

Figs. 6 and 7.

3

2.2 Force and torque recovery
In our computational knee joint model, the

total internal reaction forces of the knee joint

are composed of 14 components including the la

teral and medial contact forces and 12 ligaments.

(12)
E:i~O

0=E:is2c1
ci;;::2c1

Table 1 Local attachment coordinates and material properties of the ligamentous structures of the present
model

Local coordinates of Local coordinates of
femoral attachments tibial attachments Ai Bi c(at full

x irnm) y Imm) z{rnrn) x'{mm) y(mm) z'{mm)
(Nmm"") (Nrnm") extension)

ACC 7.25 -15.6 21.25 -7.0 5.0 211.25 85.[5 22.48 1.00
PAC 7.25 -20.3 19.55 2.0 2.0 212.25 83.15 26.27 1.051
APC -4.75 -11.2 14.06 5.0 -30.0 206.25 125.0 31.26 1.004
PPC -4.75 -23.2 15.65 -5.0 -30.0 206.25 60.0 19.29 1.05

AMC -34.75 -1.0 26.25 -20.0 4.0 171.25 91.25 10.0 0.94
OMC -34.75 -8.0 24.25 -35.0 -30.0 199.25 27.86 5.0 1.031
DMC -34.75 -5.0 21.25 35.0 0.0 199.25 21.07 5.0 1.049
LCL 35.25 -15.0 21.25 45.0 -25.0 176.25 72.22 10.0 1.05

MCAP -24.75 -38.0 6.25 -25.0 -25.0 181.25 52.59 12.0 1.08
LCAP 25.25 -35.5 8.25 25.0 -25.0 181.25 54.62 12.0 1.08
OLP 25.25 -35.5 8.25 -25.0 -25.0 181.25 21.42 3.0 1.08
APL -24.75 -38.8 6.25 25.0 -25.0 181.25 20.82 3.0 1.07
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Figure 4 shows the free body diagram of the tibia,
where F1 is the external force from the force plate
at the force center, and F2, T2, a2, and a are mass
related force, torque, linear acceleration and
angular acceleration at the mass center of the
shank segment, respectively. The internal forces
Fs and Ta are calculated from the knee joint using
a quasi-static assumption. In Fig. 4, vector
variables are known except Fs and Ts,

F1

Fig. 4 The free-body diagram of the tibia

Fig. 5 The free-body diagram of the femur

The free body diagram of the femur is shown in
Figure 5 where Pu and P12 are the center position
of the lateral condyle and medial condyle, re
spectively and F4, T4, F5, and T5 are the internal
reaction forces at the knee joint. We denote the
terms Fa and Tato be produced by the gravity and
F7 and T7 are internal forces at the hip joint. The
external force due to total mass is represented by
Fa and Ta. This is a redundant system, thus, F45

and T45 are used instead of F4, F5, T4 and T5 at the
knee center. F45 and T45 are obtained from the
calculated Fs and Ts. In the Fig. 5, eGRB is the
center of gravity of the human in the com
putational model.

Our goal is to determine the lateral and medial
condyle contact forces from the total internal
forces of the knee joint and twelve ligaments'
reaction forces. We first develop the equilibrium
equations of the tibiofemoral knee joint system
as

and for the generalized moment equations as
12

Mx=MLCfti+MMCft~ + ~ Mt;gaft!.-;ga - M; =0 (16)
i==l

Number 1 : Anterior fibers of the Anterior Cruciate (AAC)
Number 2: Posterior fibers of the Anterior Cruciate (PAC)
Number 3: Anterior fibers of the Posterior Cruciate (APC)
Number 4: Posterior fibers of the Posterior Cruciate (PPC)

Fig. 6 Cruciate ligaments at the knee joint
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where F and M are the total contact force and
moment of the tibiofemoral knee joint system
obtained experimentally and represented as

where ¥,c, MLc, ~c, MMC, Ftiga and Mtiga are the

lateral condyle contact force and moment, the
medial condyle contact force and moment, and
sum of the 12 ligament forces and moments,
respectively and where fi represents the direction
vectors determined from the kinematics of the
contact model, and F* and M* are the total force
and moment at the knee joint recovered from the
quasi-static solution of the free-body diagram.

In order to solve this system, a least squares
method is used. The residuals for each equation
can be written as

(25)

(24)

(23)

T iJe
2e iJFLC=0

T iJe _
2e iJFMC-O

6

Minimize ~ere,
i=1

iJ(eTe)
iJFLC

iJ(eTe)

iJFMC

Taking the partial derivative of Eqs. (20) and
(22) with respect to unknown contact force, FLc

and FMC, four simultaneous linear equations are
obtained as

The goal is to minimize e7 and it requires for
i = I, ... , 6 that the partial derivatives be set to

zero as

where, r L and r" represent vectors from the origin
of the knee joint center to lateral and medical
contact point during gait, respectively. Thus. the
system is composed of six equations and two
unknowns, namely FLc and FMC.

The least-square criterion specifies that e, be
chosen to minimize the sum of the squares of the
residuals, that is

(19){
F - F * }e= M-M* sxi

Number 5: Anterior fibers of the Medial Collateral (AMC)
Number 6: Oblique fibers of the Medial Collateral (OMC)
Number 7: Deep fibers of the Medial Collateral (DMC)
Number 8: Lateral Collateral (LCL)
Number 9: Medial fibers of the posterior Capsule (MCAP)
Number 10: Lateral fibers of the posterior Capsule (LCAP)
Number 11: Oblique Popliteal Ligament (OPt)
Number 12: Arcuate Popliteal Ligament (APt)

Fig. 7 Capsular ligaments at the knee joint

(30)

iJF _AL (26)iJFLC-n

iJF _AM (27)iJFMC-n

iJM _-£AL (28)iJFLC-r n

iJM _-MAM (29)iJFMC-r n

[
F - F* ] T { fiL }
M - M* fLfiL =0

[
F - F* ] T { fiM}
M - M* fMfiM =0

Substituting Eqs. (30) and (31) into Eqs. (24)
and (25), there exist 2 equations and 2 unknown
contact forces as shown in the Eq. (32). Thus,

where, fiL and fr" represent the direction vectors
of the lateral condyle and medial condyle deter
mined from the kinematics of the contact model,
respectively. fL and fM is a 3 X3 antisymmetric
matrix that is formed from the components of
r L and r", respectively. Thus, Eq. (19) can be
rewritten as

8

Latenl condyleMedial condyle
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Fig. 10 Internal total reaction force of the knee joint

Fig. 9 Force plot of the force plate
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F LC and FMC can be solved simultaneously.

While the knee joint model introduced in this

paper characterizes 6 DOF motion with ligament

ous articulation, we believe our kinetic model

yields a relatively simple solution that lends itself

to computational implementation.

Fig. 11 Internal total reaction torque of knee joint

The external force measured from the force

plate during one gait cycle is given in Fig. 9.

In the Figure, the sign of the forward direction

force F_x is changed during the calibration

phase because it represents the hill-contact
through toe-off stage. F_y represents the vertical

direction force that is mostly affected by body

weight. F_z undergoes almost zero force through

the entire gait cycle. The total internal force and

torque at the knee joint are presented in Figs. 10

and 11. The shape and values of the recovered

internal reaction forces are similar to Fig. 9

because the inertia force of each segment is small

in the system.

(33)

(34)

(35)

(36)

(32)

(37)

(38)

au=1 + (fLfiL) T(fLfiL)

a12= (fiM) TfiL+ (rMfiM)T(fLfiL)

a21 = I + (fMfiM) T (fMfr")

a22= (fiL) TfiM + (fLfiL) T (fMfiM)

12
b,= - ~ (FL,gai) TfiL +FHfiL

i=1
12

- ~ (fiFL,gai) T (fLnL) +mH (fLfiL)
i=1

12
~= _~ (FL,gai) TfiM +FHfiM

i:::l

12
_ ~ (fiFL,gai) T (fMnM) -l-m""(fMfiM)

i==1

where
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Galt qcle (1~

Fig. 13 The absolute residual force plot

Fig. 12 The lateral and medial contact force of the
knee joint
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knee motion properly.
Solving Eq. (32) to determine the unknown

contact force of the lateral condyle and the medial
condyle, the result is given in Fig. 12. In the
figure the total internal force in the range of 0

12% of one gait cycle is negative values because
the patella, muscles and tendon are not consi

dered in the developed model. Following the
results it is believed that the patella, muscles
and tendon affect a lot for the internal reaction
forces at the initial heel contact stage. In addition,
the medial side contact force is larger than that of

the lateral side contact force in the knee joint
during normal human walking as given in Fig.
12. The total internal force results of the knee
joint are reasonably agree well compared to pre
vious studies (Pandy et aI., 1988 ; Koopman et aI.,
1995) .

In order to evaluate the accuracy of the results

of our least square method calculating the con
tact forces at the tibiofemoral joint, the residual
terms described in the Eq. (19) are calculated
and shown in Fig. 13 through 16. The abso
lute residual force values are small as shown in

3. Model Validation and Results

In order to verify the developed computational
model with respect to kinematic analysis, the
contact points between femoral condyle (lateral

and medical condyle) and tibia surface are cal
culated and compared with the previous experi
mental data, Fig. 8 (c). In Fig. 8 (a), contact posi

tion vector between femoral condyle, lateral and
medial side, and tibia plateau on the tibia surface
are presented with respect to local coordinate
system. The relative motions between the femur
and tibia segments using Grood-Suntay's coor
dinate (Grood and Suntay, 1983) in terms of
flexion/extension rotation is shown in Fig. 8 (b).
As shown in Fig. 8 (a), the contact point under

goes sliding and rolling during one gait cycle.
In addition, femur and tibia undergo four times
20 degree angles of flexion/extension during one
gait cycle, two times 40 degree and 60 degree as
well is presented in Fig. 8 (b). Thus, these corre
sponding frames are plotted, black round type
dot, on top of the sliding and rolling motion of
the knee joint during gait cycle as shown in Fig.
8 (a). As observed in the previous studies (Iseki

et aI., 1976; Bronzino, 1995; Wretenberg et aI.,
2002) , the contact point between femur and tibia
moves from anterior side to posterior side as
the knee undergoes flexion, reflecting the coupling
of anterior and posterior motion with flexion/
extension. Also, the contact area of the medial
condyle on the tibia plateaus becomes larger than
that of the lateral condyle during one gait cycle

(Iseki et al., 1976). The anterior/posterior dis
placement of the contact point on the tibia plat
eau during one gait cycle is about 16 mm. for
the lateral condyle and 25 mm. for the medial
condyle. Also, the femur motion on the tibia
undergoes lateral/medial movement about 7 mm.

and 10 mm. during one gait cycle for the lateral
condyle and medial condyle, respectively. Thus,
the developed kinematic model, Fig. 8 (a) has
been verified by the comparison of the previous
experimental results, Fig. 8 (c), and it is obvious
that a fixed-point contact model using spherical

joint or universal joint type cannot represent the
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-i-mxj
i_my)

________________'-mz r:
:...-. ::':.J

10 20

static solution of the free-body diagram. The
contact forces, F and M are given in Eqs. (20)
and (22), respectively. The relative residual
values are presented in Fig. 15 and 16. Fol
lowing the Figures, the results are reasonably
acceptable during the stance phase. However,
there exist large values during the swing phase
because the residual forces are divided by small
calculated reaction forces as described in Eqs.
(39) and (40). Thus, the results of the swing
phase are ignored.

GIlt cycle (100%)

Fig. 16 The relative residual moment plot

Several limitations in our computational mo
del and the invoked assumptions need to be
discussed. The developed computational model is
composed of two rigid segments such as femur
and tibia and twelve ligaments represented by
nonlinear spring elements. On the stance phase
of the gait, muscle effects are not considered in
the developed model since material properties of
muscles acting during gait is not well known.
In addition representative geometry of the lateral
and medial condyles, and ligament origin and
insertion position are employed. Furthermore
femur and tibia segments are assumed to be
homogenous bodies for the calculation of polar
moment of inertia since mass density of human
segment is not well known.

In the future study, the developed computa
tional model needs to be validated by the com
parison with experimental results. In addition,
since accurate geometry of femoral and tibia
condyles do major role to develop valuable
computational model, the 3D geometry model
using interpolation method such as Non-Uniform
spline Rational B-surfaces is recommended for
the future study. Furthermore, accurate ligament
origin and insertion position for the experimental
subject should be determined to have more mea
ningful results of ligament function.

4. Discussion

(39)
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Fig. 15 The relative residual force plot

Fig. 13. However, there exists a large value for
the x-cornponent of the absolute residual mo
ment as shown in Fig. 14 because the developed
computational model is not a complete knee
joint model. In this model, the forces are in the
X- Y plane. Thus, the out of plane moment is
ignored.

The relative residuals are calculated as

,.. _....._._-_ ....._-----_.

Relative residual moment
M-M*

M*
(40) Acknowledgment

where, F* and M* are the total force and mo
ment at the knee joint recovered from the quasi-

This study was supported by a grant of the
Korea Health 21 R&D Project, Ministry of Health
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